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Abstract 

After introducing the concept of null functions, we shall present 
a uniqueness result in the sense of the null functions for the Laplace 
transform on time scales with arbitrary graininess. The result can be 
regarded as a dynamic extension of the well-known Lerch's theorem. 
Keywords. Time scales; Laplace transform; Lerch's theorem; Unique- 
ness. 
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1 Introduction 

The Laplace transform is one of the fundamental representatives of integral 
transformations used in mathematical analysis. This transform is essentially 
bijective for the majority of practical uses. The Laplace transform has the 
useful property that many relationships and operations over the originals 
functions correspond to simpler relationships and operations over the image 
functions. The discrete analogue of the Laplace transform is called as Z- 
transform, which is also converts a sequence of real or complex numbers into 
a complex frequency-domain representation. This transform is also bijective. 
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The calculus on time scales has been initiated by Hilger (see pQ) in order 
to unify the theories of continuous analysis and of discrete analysis. The 
Laplace transform on time scales was introduced by Hilger in [2j, but in a 
form that tries to unify the (continuous) Laplace transform and the (discrete) 
Z-transform. For arbitrary time scales, the Laplace transform was introduced 
by and investigated by Bohner and Peterson in [3] (see also [H Section 3.10]). 
Let supT = oo, for locally A-integrable function / : [s, oo)-]!- C, i.e., A- 
integrable over each compact interval of [s, oo)-]!-, the Laplace transform is 
defined to be 



where V consists of such complex numbers for which the improper integral 
converges. In order to determine an explicit region of convergence, conditions 
on the class of the determining functions should be provided. This was 
done by Davis et al. in [3], where some restrictions were imposed on the 
graininess ^. In a recent paper [B] , Bohner et al. removed the restriction on 
the graininess of the time scale and considered some fundamental properties 
of the Laplace transform on time scales. The readers may be referred to 
[H [HI |9] for the basic properties of the usual Laplace transform. For other 
results about the Laplace transform on time scales, see [101 [HI [121 [13] • 

The uniqueness property of the Laplace transform and of the Z-transform 
are well-known (see [3 [HI [9]), which is a necessary tool for the inverse Laplace 
transform. To the best of our knowledge, nothing has been published up to 
now on the uniqueness of the Laplace transform on arbitrary time scales. In 
this paper, we shall provide a uniqueness result on time scales with arbitrary 
graininess for the Laplace transform, which reduces to the well-known the 
Lerch's theorem in the continuous case. Our result on time scales with con- 
stant graininess (IR and Z), gives a unified proof for the uniqueness of the 
Laplace transform (the usual Laplace transform and the Z-transform). 

The paper is organized as follows: In Section [21 we present some results 
that are required in the proof of the main result. In Section [31 we state 
and prove our main results together with some necessary definitions. And 
in Section m as an appendix, we recall a short account concerning the time 
scale calculus. 
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2 Auxiliary Lemmas 

We define the minimal graininess function : TT ^ Kg by 
^,(s) := inf : fG[s,oo)'j| for s G T 
and tlie set of positively regressive constants TZ^(T,<C) by 

7?.+ (T,C):= jzGC: l+z}i{t)>0 for all f G t}. 
For /j G Eq and A G 7^^(T,]R), we also define the set C^(A) by 

C;,(A):=(zgC^: Re^(z) > a). 

Now, we proceed this section with a result quoted from [6]. 

Lemma 1 (See P, Theorem 3.4(iii)]). Let supTT = oo, s G T, A G 7?-J([s, oo)-j,E) 
and z G C^^(s)(A), then 

lim eAez(^s) = 0. 

t— >oo 

The inclusion IR"*" c C^^^g^{0) for any s G TT yields the following corollary. 
Corollary 1. Let supT = oo, s G T and x G IR"*", then 

lim ee;i.(f, s) = and lim ex(t,s) = oo. 

t—>oo t—>oo 

Next, we present a result on asymptotic property of the time scale expo- 
nential. 



Lemma 2. Let s,t eTT and A G IR"*", then 

lim Ix'^ eQx{t,s) 



0, t>s 
oo, f < s. 



Proof. As we will be considering the limit as x ^ oo, we may assume that 
X G JR"*". First, we consider the case s,t eTT with t > s. We may find n G IN 
such that n> X. By the Taylor's formula, we have 

n „f 

ex(^s) = ^x^h^(f,s) -hx""^^ h.n{t,a{r]))e.^{r],s)l^ri>x^h.n{i'S)- 



Therefore, we see that 



< X eQx{t,s) = 



which proves x'^eQx{t,s) ^ by letting x ^ oo. Next, let s,t elT with t <s, 
then eQx{t,s) = ex{s,t) > 1 and thus we have x''^eQx{t,s) > x^, which shows 
that x^eQxi'tfS) — > oo as x — > oo. This completes the proof. □ 

Let us introduce the function A : 7^j.(T,]R) x T x T ^ IR defined by 

A{x;t,s) :- ey.-p^- xeQx{t'^)\ for x € 7?.(.(T,IR) and f € T. (2.1) 
Corollary 2. Let f e T, then 

lim A{x;t,s)^X{-oo,t)-^{s), 
where : IR — > {0, 1} is the characteristic function of the set D c IR. 

3 Uniqueness of the Laplace Transform 

In this section, we shall always assume that supT = oo. We first start with 
the definition of the set of null functions. 

Definition 1. A function / : [s,oo)']p — > C is called a null function if 

t 

f{rj)Arj = for alH G [s,oo)tp. 



The set of null functions on will be denoted by M{[s,oo)'^,(C). 

Next, we give some properties of the null functions some of which will be 
required in the proof of the main result. 

Lemma 3. Let / G A/'([s,oo)'j,C) and^ G Cl^{[s,oo)j;,(C), then fg*^ G A/'([s, cx))']p,C). 
Proof. Performing an integration by parts, for any t G [s,oo)j', we have 

|V(^r(^)A^ = [[|V(C)AC ^(^)| -|'[|V(C)AC 

ri=s 



g\rj)Arj = 0, 

which proves the claim. □ 



Corollary 3. Let / e M{[s,oo)j',€.) and g eTZ{[s,oo)j',€.), then /e^(a(-),s) G 

Corollary 4. Let / G M([s,c<})^,C), then 

J fin)^ez{(^(^)'S)^r] = for any zG7^c([s,oo)^r,C). (3.1) 

We have now filled the necessary background for the proof of our main 
result. 

Theorem 1 (Lerch's theorem). Assume that / : [s, oo)']j' C, there exist an 
increasing divergent sequence {ck}ke]No <^ and a G Tl^([s,oo)j-,<C) such that 

C{fee(noc,M{-)'S)}{a) = for all n, /c G INq. (3.2) 

Then / G Ar([s,oo)T,C). 

Proof. Define the function g : [s,oa)j' ^ C by g{t) := f{t)eQa{cr{t),s) for 
t G [s, oo)'j, then we have 

poo 

= J /('7)ee(ae(i/oci-))(o'('7)'S)A/7 =0 (3.3) 
for all n,ke INq. Let r G [s, oo)j;, and define h : [s, oo)']p ^ C by 

Kit) •■= g{n)^n fo^^ t G [s, oo)^. 

It follows from f l3.2p with n = that 

J ^(^)A^ = 0, (3.4) 

which shows that linif^oo^rlO exists. So we can find G IR"*" such that 
|/jr(OI ^ for all t G [r, oo)^. We may (and do) assume that My ^ as 
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r ^ oo. Using f l3.3p . and performing integration by parts, we get 

+ J {nOCk)(f])eQ(„Qc^)(a{f]),s)hr(f])At] 

= -J (nOQ)(f?)ee(„OQ)(a(fj),s)/j,(j^)A/7 (3.5) 

for all n,k e INq. Note that above have used Corollary [1] while passing to the 
last step. Now multiplying both sides of (13. 5 p with ee(nQck)i^'^)^ we have 



g{n)^e{nQck){(^{n),r)An = - (nOQ)(/7)ee(„OQ)(cT(^/),r)/i,(/7)A/7, 



which yields 



-I 



''I 



<M, {n O C],){r])eQ(nQck){(^{ri), r)Ar] = M, 



By the series expansion of the exponential function, we know that 
(-if 

^ — ^j— ^ee(toci)(^s) = A{ck;t,s) for s, ^ G T and /c G INq, 



where A is defined by (12. ip . Thus, for all t G [s, r)']r and all k G INq, we can 
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estimate that 

g{r])A(ck;a(f]),t)Ar] 
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r 



< 



Letting r ^ oo, we have My and e0^j.(r, ^ by Corollary [H which 
yields M^exp{cyteecj(r, f)} ^ as r ^ oo. We can therefore write 



r 



g(ri)A(cj,;a(ri),t)Ari = for all G INg. 



(3.6) 



By (13 ■4p . the function g is integrable over [s, oo)'j and the characteristic 
function x is piecewise constant. Letting A: ^ oo in (13. 6p . we get 

J g{n)X{-co,th{cr{f]))Af] = for alHG[s,cx3)Tr (3.7) 

by Lebesque's dominated convergence theorem and Corollary [2l Now, we are 
in a position to prove that 

g{r])Arj = for all t G [s,co)t. (3.8) 

From (13. 7p . for all t G [s, oo)-]]-, we have 

J g{n)X(-oo,t)^{o{n))Ari=^ g{f])X[s,t)^{o{f]))Af] 

=J^ g{n)[x[s,t)^{T^) + AT^)xfs,t)^{T^)Yn 
=J^ gin)x[s,th{n)^n, 

which together with the definition of the characteristic function x and (13. 7p 
gives (13. 8p . Therefore, we learn that ^ is a null function. An application of 
Corollary [3] shows that / = gei^{o{-),s) is a null function too. This completes 
the proof. □ 
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Corollary 5. Assume that f,g : [s, oo)-]p C, there exist an increasing diver- 
gent sequence {c^^lfcelNo ^ ^ ([^''^)t'C) such that 

'^{/ee(nOQ)(o'(-)'S)}(a) = /:{^ee(„Qc^)(a(-),s)}(a) for all n,k G Nq. 
Then j -g^N[\s,^)^,<C). 

Corollary 6. Assume that the graininess function ]i is constant and there 
exists a G 7^J([s, oo)-]!-, C) such that 

/:{/}(z) = for allzGC^.(,)(a). 

Then f ^ M {\s,oo)^,<C). 

Proof. In this case, for any fixed ^ G ]R^^(5)(a) C C^^(5)(a), we have 

which yields jS©((nA:)Oc) G E^^(s)(a) C C^^(s)(a) for all n,k G INq and all 
t G [s, oo)-]]-, where c G IR"*", i.e., 

£{/}(/5©((n/:)Oc)) = £{/ee((„fc)oc)(t^(-).s)}(iS) = for all n,/: G INq. 

This shows that the conditions of Theorem [1] hold with cj^ := k Q c for k G 
No- □ 

4 Appendix: Time Scales Essentials 

A time scale, which inherits the standard topology on K, is a nonempty 
closed subset of reals. Throughout this paper, the time scale is assumed to 
be unbounded above and will be denoted by the symbol TT, and the intervals 
with a subscript T are used to denote the intersection of the usual interval 
with T. For f G TT, we define the forward jump operator a : T ^ T by 
a{t) := inf(f, oo)-]p while the graininess function : T ^ IRj is defined to be 
li(t) := a(t) - t. A point f G T is called right-dense if o{t) = t\ otherwise, 
it is called right-scattered, and similarly left-dense and left-scattered points 
are defined in terms of the so-called backward jump operator. A function 
/ : T ^ C is said to be Hilger different iable (or A-differentiable) at the point 
f G TT if there exists ^ G C such that for any e > there exists a neighborhood 
U of t such that 

\[fia{t))-f(s)]-£[a{t)-s]\<e\a(t)-s\ for allseU, 



8 



and in this case we denote f^{t)-€. A function / is called rd-continuous 
provided that it is continuous at right-dense points in T, and has finite 
limits at left-dense points, and the set of rd-continuous functions is denoted 
by Cj,^(T,C). The set of functions C^j(T, C) includes the functions whose 
derivative is in Cj,j(T,C) too. For / G C^j(T,C), we have 

where := f o a and T*^ := T\{supT} if supT = maxT and satisfies 
p(maxT) ^ maxT; otherwise, T"^ := TT. For s,t elT and a function / € 
Cj.^(T, C), the A-integral of / is defined by 

f{t])Ar] ^F{t)-F{s) iois^teir, 

where F : TT ^ C is an antiderivative of /, i.e., — f on IT^. 

A function / e Cj.^(T,C) is called regressive if 1 -h /i/ on T, and 
positively regressive if it is real valued and 1 -h ^/ > on T. The set of 
regressive functions and the set of positively regressive functions are denoted 
by 7?-(Tr,C) and 7^"''(T, ]R), respectively, and 7?-~(T,]R) is defined similarly. For 
simplicity, we denote by 7?-j.(T,C) the set of complex regressive constants, and 
similarly, we define the sets TZ^{T,M) and TZ~{'ir,lR). 

Let / € TZ{1[,C). Then the exponential function ejr{-,s) is defined to be 
the unique solution of the initial value problem 

= fx on T"^ 
x{s) = 1 

for some fixed s € T. For h> 0, set 

C/j := jz € C : and Z;, := {z G C : n/h < Im(z) < n/h^, 

and Cq := := C. For h G IRJ, the Hilger real part and imaginary part of a 
complex number are given by 

1 1 
Re/j(z) := lim — (|1 -h vz| - 1) and Im/,(z) := lim — Arg(l -i- vz), 

respectively, where Arg denotes the principle argument function, i.e., Arg : 
C —> (-7t, 7t]]R. For /z G IRq and any fixed z G C/,, the Hilger real part Re;,(z) 



I 
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is a nondecreasing function oi h e Kq, i.e., Re^j(z) > Rejj^iz) for hi,h2 e IRJ 
with hi >h2- For /j G Kj, we define the cyhnder transformation <5/, : ^ 
by ^ 

^/,(z) := lim — Log(l + vz) for z G C/,. 
Then the exponential function can also be written in the form 



(^s):=exp|j^ ^^(^)(f{^))^yi^ fors,^GT. 



It is known that the exponential function ey(-,s) is strictly positive on 
[s,oo)'j provided that / G 7?,"''([s, oo)'j,]R), while Qf{-,s) alternates in sign at 
right-scattered points of the interval [s, oo)'j provided that / G 7?-~([s, oo)'j,]R). 
For h G IRq and z G C^, the circle plus and the circle minus are defined by 

z — w 

z®iiW:=z + w + hzw and z0^w:= 



^ ■ 1+hw' 

respectively. It is known that (7?.(T, C),®^) is a group, and the inverse of 
/ G n{T,C) is e^/ := Oe^/. Moreover, 7^+(T,C) is a subgroup of TZ^{T,C). 
For A G C and z eCii, the circle dot is defined by 



Ao^z:= limi((l +vz)^-l). 



With this multiplication, (7^(T,C),©^,0^) becomes a complex vector space. 
It should be noted that 

eAo,,/(^s) = (e/(^s))^ fors,fGT, 

where A G C and / G 7^(T,C). For simplicity in the notation, we shall use 
®,0 and O instead of ©^,0^ and O^, respectively. 

The definition of the generalized monomials on time scales (see [H § 1.6]) 
h„ : T X T ^ ]R is given as 

'l, n = 0, 

K{t,s):=\ r* for s,^gT. 

h„_i{r],s)Ar], n G IN 

Us 

Using induction, it is easy to see that h„(f, s) > holds for all n G INq and all 
s,t eT with t > s, and (-l)"h„(^s) > holds for all n G IN and all s,t eT 
with t < s. 

The readers are referred to [1] for fundamentals of time scale theory. 
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